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a b s t r a c t
In this paper, we investigate the properties of the largest signless Laplacian spectral radius
in the set of all simple connected graphs with a given degree sequence. These results are
used to characterize the unicyclic graphs that have the largest signless Laplacian spectral
radius for a given unicyclic graphic degree sequence. Moreover, all extremal unicyclic
graphs having the largest signless Laplacian spectral radius are obtained in the sets of
all unicyclic graphs of order n with a specified number of leaves or maximum degree or
independence number or matching number.
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1. Introduction
Throughout this paper, only simple and undirected graphs are considered. Let G = (V , E) be a simple graph with vertex
set V (G) = {v1, . . . , vn} and edge set E(G). Denote by d(vi) the degree of vertex vi. Let D(G) = diag(d(u), u ∈ V ) be the
diagonal matrix of vertex degrees of G and A(G) be the (0, 1) adjacency matrix of G. Then the matrix L(G) = D(G)− A(G) is
called the Laplacian matrix of a graph G. The Laplacian matrices of graphs have received much attention in the past twenty
years. The reader may be referred to [8–10,12,15] and the references therein. Recently, another similar interesting matrix
Q (G) = D(G)+ A(G) associated with a graph has been proposed and investigated by some researchers. Further the matrix
Q (G) is called the signless Laplacian matrix of G (for example, see [3]), which may be first introduced in the book [2] without
giving a name. But in some papers, Q (G) is called the unoriented Laplacian matrix of G (for example, see [5]). Desai and Rao
in [4] used the smallest eigenvalue of the signless Laplacian matrix of a graph to serve as a measure of how much a graph
is close to bipartite, since 0 is the smallest eigenvalue of Q (G) if and only if G is bipartite. Cvetković et al. [3] survey some
properties of the spectra of the signless Laplacianmatrices of graphs. Recently, Oliveira et al. [11] presented some upper and
lower bounds for the spectral radius of the signless Laplacian matrices in terms of degree sequences. The largest eigenvalue
of Q (G) is called the signless Laplacian spectral radius of G and is denoted byµ(G). A nonincreasing sequence of nonnegative
integers pi = (d0, d1, . . . , dn−1) is called graphic if there exists a simple graph having pi as its vertex degree sequence. For
more notions, the reader may be referred to [1]. Motivated by the recent results on signless Laplacian spectral radius and
degree sequence, we generally consider the following problem.
Problem 1.1. For a given graphic degree sequence pi , let
Gpi = {G | G is connected with pi as its degree sequence}.
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Find the upper (lower) bounds for the signless Laplacian spectral radius of all graphs G in Gpi and characterize all extremal
graphs which attain the upper (lower) bounds.
In other words, find all extremal graphs in Gpi with the largest and smallest signless Laplacian spectral radii. It has been
proved in [14] that for a given degree sequence pi of some tree, there exists a unique tree that has the largest signless
Laplacian spectral radius in Gpi .
The rest of the paper is organized as follows. In Section 2, we investigate some properties of graphs with the largest
signless Laplacian spectral radius in Gpi . In Section 3, we prove that for a given unicyclic degree sequence pi , there exists a
unique unicyclic graph that has the largest signless Laplacian spectral radius in the set of all unicyclic graphs with degree
sequence pi . In Section 4, the above results are used to characterize the unicyclic graphs that have the largest signless
Laplacian spectral radius given the leaf number, themaximumdegree, the independence number and thematching number,
respectively.
2. Signless Laplacian spectral radius in Gpi
In this section, we investigate some properties of graphs having the largest Laplacian spectral radius of graphs in Gpi .
First, we introduce the following definition. For a graph with a root v0, denote by dist(v, v0) the distance between vertices
v and v0. Moreover, the distance dist(v, v0) is called the height h(v) = dist(v, v0) of a vertex v.
Definition 2.1. Let G = (V , E) be a graph with root v0. A well-ordering ≺ of the vertices is called a breadth-first-search
ordering (BFS-ordering for short) if the following hold for all vertices u, v ∈ V :
(1) u ≺ v implies h(u) ≤ h(v);
(2) u ≺ v implies d(u) ≥ d(v);
(3) let uv ∈ E(G), xy ∈ E(G), uy 6∈ E(G), xv 6∈ E(G)with h(u) = h(x) = h(v)− 1 = h(y)− 1. If u ≺ x, then v ≺ y.
We call a graph that has a BFS-ordering of its vertices a BFS-graph.
Let G be a simple connected graph. Thus Q (G) is an irreducible nonnegative matrix and there exists only one unit positive
eigenvector f = (f (v), v ∈ V (G))with ‖ f ‖= 1 such that Q (G)f = µ(G)f . Moreover this eigenvector f is called the Perron
vector of Q (G). In order to present our main result in this section, we also need some lemmas:
Lemma 2.2 ([14]). Let G ∈ Gpi with dG(u) > dG(w). Let f be the Perron vector of Q (G). If f (w) ≥ f (u), then there exists a
simple connected graph G′ ∈ Gpi such that µ(G) < µ(G′).
Lemma 2.3 ([14]). Let G = (V (G), E(G)) be a simple connected graph. Assume that v1u1 ∈ E(G), v2u2 ∈ E(G), v1v2 6∈ E(G)
and u1u2 6∈ E(G). Let G′ = (V (G′), E(G′)) be a new graph obtained from G by deleting edges v1u1 and v2u2 and adding edges
v1v2 and u1u2. Let f be the Perron vector of Q (G). If f (v1) ≥ f (u2) and f (v2) ≥ f (u1), then µ(G′) ≥ µ(G). Moreover, if one of
the two inequalities is strict, then µ(G′) > µ(G).
Lemma 2.4. Let f be the Perron vector of Q (G)with G ∈ Gpi . If there exist three vertices u, v, w such that uv ∈ E(G), uw 6∈ E(G),
f (v) < f (w) ≤ f (u), and f (u) ≥ f (x) for all x ∈ N(w) = {x : xw ∈ E(G)} the neighbor set of w. Then there exists a simple
connected graph G′ ∈ Gpi such that µ(G′) > µ(G).
Proof. We will complete our proof by proving the following three claims.
Claim 1: There exists a vertex p ∈ N(w) such that pv 6∈ E(G) and p 6= v. In fact, if each neighbor x 6= v of w is adjacent
to v, then N(w) \ {v} ⊆ N(v) \ {u}, which implies d(w) ≤ d(v). Further, by Q (G)f = µ(G)f , we have
(µ(G)− d(w))f (w) =
∑
x∈N(w)
f (x) ≤ f (v)+
∑
x∈N(w)\{v}
f (x)
≤ f (v)+
∑
x∈N(v)\{u}
f (x) <
∑
x∈N(v)
f (x) = (µ(G)− d(v))f (v).
Hence
µ(G)(f (w)− f (v)) < d(w)f (w)− d(v)f (v) ≤ d(v)f (w)− d(v)f (v),
which impliesµ(G) ≤ d(v) by f (w)− f (v) > 0. But by the Perron–Frobenius theorem,µ(G) > d(v). This is a contradiction.
So Claim 1 holds.
Claim 2: w has at least two neighbors. Otherwise w has only one neighbor vertex p. Then µ(G)f (w) = f (w)+ f (p) and
µ(G)f (v) = d(v)f (v)+∑x∈N(v) f (x). Hence by f (w) > f (v), we have
f (p) = (µ(G)− 1)f (w) > (µ(G)− 1)f (v) ≥ (µ(G)− d(v))f (v) =
∑
x∈N(v)
f (x) ≥ f (u),
which contradicts the condition f (p) ≤ f (u). So Claim 2 holds.
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Claim 3: There exists a simple connected graph G′ with degree sequence pi such that µ(G′) > µ(G).
Since G is connected, there exists a path Puw = (u, . . . , s, w) from vertex u to vertexw.
If the edge uv 6∈ Puw and vs 6∈ E(G), then let G′ be a graph obtained from G by deleting the edges uv and ws and adding
two edges uw and vs. Clearly, G′ is a simple connected graph. Since f (u) ≥ f (s) and f (w) > f (v), by Lemma 2.3, we have
µ(G′) > µ(G).
If uv 6∈ Puw and vs ∈ E(G), then by Claim 1, there exists a vertex p such thatwp ∈ E(G) and pv 6∈ E(G). Let G′ be a graph
obtained from G by deleting the edges uv andwp and adding two edges uw and vp. Clearly, G′ is a simple connected graph.
Since f (u) ≥ f (p) and f (w) > f (v), by Lemma 2.3, we have µ(G′) > µ(G).
If uv ∈ Puw and all neighbors of vertex w except for vertex s are adjacent to vertex v, then by Claim 1, s must not be
adjacent to vertex v. Let G′ be a graph obtained from G by deleting the edges uv andws and adding two edges uw and vs. By
Claim 2, there exists a vertex q such that qw ∈ E(G), qv ∈ E(G). So G′ is a simple connected graph. By Lemma 2.3, we have
µ(G′) > µ(G).
If uv ∈ Puw and there exists a neighbor p of vertexw such that p 6= s and pv 6∈ E(G), then let G′ be a graph obtained from
G by deleting the edges uv andwp and adding two edges uw and vp. Clearly, G′ is a simple connected graph. By Lemma 2.3,
we have µ(G′) > µ(G). Hence we finish our proof. 
Lemma 2.5. Let G = (V , E) be a simple connected graph having the largest signless Laplacian spectral radius in Gpi and f be
the Perron vector of Q (G). If V (G) = {v0, . . . , vn−1} satisfies f (vi) ≥ f (vj) for i < j, i.e., the vertices of V (G) are denoted
with respect to f (v) in nonincreasing order, then d(vi) ≥ d(vj) for i < j, i.e., d(v0) ≥ d(v1) ≥ · · · ≥ d(vn−1). Moreover, if
f (vi) = f (vj), then d(vi) = d(vj).
Proof. If f (vi) ≥ f (vj) and d(vj)−d(vi) > 0 for i < j, then by Lemma2.2, there exists a simple connected graphG′ ∈ Gpi such
thatµ(G′) > µ(G), which contradicts G having the largest signless Laplacian spectral radius in Gpi . Hence d(vi)− d(vj) ≥ 0,
i.e., d(vi) ≥ d(vj) for i < j. Hence d(v0) ≥ d(v1) ≥ · · · ≥ d(vn−1). Moreover, if f (vi) = f (vj), then by the same argument,
we show that d(vj)− d(vi) ≥ 0. So d(vi) = d(vj). 
Lemma 2.6. Let G = (V , E) be a simple connected graph having the largest signless Laplacian spectral radius in Gpi and f be
the Perron vector of Q (G). Then there exists a numeration of the vertices of G such that f (v0) ≥ f (v1) ≥ · · · ≥ f (vn−1) and
h(v0) ≤ h(v1) ≤ · · · ≤ h(vn−1).
Proof. Clearly, there exists a numeration of the vertices of G such that v0 ≺ v1 ≺ · · · ≺ vn−1 and f (v0) ≥ f (v1) ≥
· · · ≥ f (vn−1). We only need to prove that h(vi) ≤ h(vi+1) for i = 0, . . . , n − 1 by induction. Clearly, for i = 0, we have
h(v0) = 0 ≤ h(v1) and the assertion holds. Assume that for i ≤ k − 1, h(vi) ≤ h(vi+1) holds, i.e, h(v0) ≤ h(v1) ≤
· · · ≤ h(vk). We will prove that for i = k, the assertion holds, i.e., h(vk) ≤ h(vk+1). Without loss of generality, assume that
f (vk) > f (vk+1). Since G is connected, there exists the smallest integer p in {0, 1, . . . , k} such that vp is adjacent to some
vertex vr in {vk+1, . . . , vn−1}. Consider the following two cases:
Case 1: h(vp) ≥ h(vk)−1. Let Pv0vk+1 be the shortest path from vertex v0 to vertex vk+1 and vq be the last vertex belonging
to {v0, . . . , vk} on the path Pv0vk+1 from v0 to vk+1. Thus h(vp) ≤ h(vq), since vq is adjacent to some vertex in {vk+1, . . . , vn−1}.
Hence
h(vk+1) ≥ h(vq)+ 1 ≥ h(vp)+ 1 ≥ h(vk)− 1+ 1 = h(vk).
So the assertion holds.
Case 2: h(vp) < h(vk)−1. Then vp is not adjacent to vk (otherwise h(vk) ≤ h(vp)+1 < h(vk)−1+1 = h(vk), impossible).
Moreover,
f (vr) ≤ f (vk+1) < f (vk) ≤ f (vp).
Further, for any neighbor vs of vertex vk, there must be f (vs) ≤ f (vp). In fact, if vs ∈ {vk+1, . . . , vn−1}, then vp ≺ vs which
implies f (vs) ≤ f (vp). If vs ∈ {v0, . . . , vk} and f (vs) > f (vp), then vs ≺ vp and 0 ≤ s < p ≤ k. By the induction hypothesis,
we have h(vs) ≤ h(vp). Hence
h(vk) ≤ h(vs)+ 1 ≤ h(vp)+ 1 < h(vk)− 1+ 1 = h(vk),
which is a contradiction. So f (vs) ≤ f (vp).
Therefore, applying Lemma 2.4 to the vertices vp, vr , vk with vpvr ∈ E(G) and vpvk 6∈ E(G), there exists a simple
connected graph G′ such that µ(G′) > µ(G), which contradicts G having the largest signless Laplacian spectral radius in
Gpi . Hence Case 2 is impossible and the assertion holds. 
The main result in this section can be stated as follows:
Theorem 2.7. Let G = (V , E) be a simple connected graph that has the largest signless Laplacian spectral radius in Gpi . Then G
has a BFS-ordering.
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Fig. 1. U∗pi .
Proof. Let f be the Perron vector of Q (G)with Q (G)f = µ(G)f . By Lemma 2.5, there exists a well-ordering of V (G) such that
v0 ≺ v1 ≺ · · · ≺ vn−1,
f (v0) ≥ f (v1) ≥ · · · ≥ f (vn−1)
and
d(v0) ≥ d(v1) ≥ · · · ≥ d(vn−1).
By Lemma 2.6,
h(v0) ≤ h(v1) ≤ · · · ≤ h(vn−1).
Further, assume that there are four vertices satisfying vivs ∈ E(G), vjvt ∈ E(G), vivt 6∈ E(G), vjvs 6∈ E(G), h(vi) = h(vj) =
h(vs) − 1 = h(vt) − 1 and vi ≺ vj. Then vs ≺ vt . Otherwise without loss of generality, assume that f (vt) > f (vs). Let G′
be the graph obtained from G by deleting two edges vivs and vtvj and adding two edges vivt and vsvj. Clearly, G′ is a simple
connected graph. Since f (vi) ≥ f (vj) and f (vt) > f (vs), by Lemma 2.3, there exists a simple connected graph G′ ∈ Gpi such
that µ(G′) > µ(G), which is a contradiction. Hence G has a BFS-ordering. 
Corollary 2.8. If a simple connected graph G has the largest signless Laplacian spectral radius in Gpi , then G has a BFS-ordering
consistent with the Perron vector f of G in such a way that u ≺ v implies f (u) ≥ f (v).
Proof. This follows from the proof of Theorem 2.7. 
3. The largest signless Laplacian spectral radius of unicyclic graphs
In this section, we determine all graphs which have the largest signless Laplacian spectral radius among the unicyclic
graphs with a given degree sequence. A unicyclic graph is a simple connected graph with only one cycle. Before stating our
main result, we need to introduce a special unicyclic graph U∗pi and some lemmas.
For a given nonincreasing degree sequence pi = (d0, d1, . . . , dn−1) of a unicyclic graph with n ≥ 3, we construct a
special unicyclic graph U∗pi as follows: If d0 = 2, denote by U∗pi the cycle of order n. If d0 ≥ 3 and d1 = 2, denote by U∗pi
the graph obtained from a cycle C3 of order 3 and d0 − 2 paths of almost equal lengths (i.e., their lengths are different at
most by one) by identifying one vertex of C3 with one end vertex of each path of the d0 − 2 paths. If d1 ≥ 3, we use the
breadth-first-search method to define a special unicyclic graph U∗pi with degree sequence pi as follows. Select a vertex v01
as a root and begin with v01 of the zeroth layer. Put s1 = d0 and select s1 vertices {v11, . . . , v1,s1} of the first layer such that
they are adjacent to v01, and v11 is adjacent to v12. Thus d(v01) = s1 = d0. Next we construct the second layer as follows.
Select s2 vertices {v21, . . . , v2s2} of the second layer such that d(v11)− 2 vertices are adjacent to v11, d(v12)− 2 vertices are
adjacent to v12 and d(v1i) vertices are adjacent to v1i1 for i = 3, . . . , s1. In general, assume that all vertices of the tth layer
have been constructed and are denoted by {vt1, . . . , vtst }. Now using the induction hypothesis, we construct all the vertices
of the (t + 1)st layer. Select st+1 vertices {vt+1,1, . . . , vt+1,st+1} of the (t + 1)st layer such that d(vt+1,i) − 1 vertices are
adjacent to vti for i = 3, . . . , st . In this way, we obtain only one unicyclic graph with degree sequence pi .
For example, for a given degree sequence pi = (4, 4, 3, 3, 3, 3, 2, 1, 1, 1, 1, 1, 1, 1, 1), U∗pi is the unicyclic graph of order
15 (see Fig. 1). There are: vertex v01 in the zeroth layer; four vertices v11, v12, v13, v14 in the first layer; seven vertices
v21, v22, . . . , v27 in the second layer; three vertices v31, v32, v33 in the third layer.
It is easy to see that the following assertion holds.
Proposition 3.1. For a given degree sequence pi of some unicyclic graph, U∗pi has a BFS-ordering.
Proposition 3.2. Let pi = (d0, . . . , dn−1) be a positive nonincreasing integer sequence with even sum and n ≥ 3. Then pi is a
unicyclic graphic if and only if
∑n−1
i=0 di = 2n.
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Proof. Necessity is obvious. Consider sufficiency. If d0 = 2, then by ∑n−1i=0 di = 2n and d0 ≥ · · · ≥ dn−1, we have
dn−1 = 2 and a cycle of order n has degree sequence pi . If d0 ≥ 3, then by the same argument, we have dn−1 = 1. Hence
(d0−1)+d1+· · ·+dn−2 = 2(n−1). Then by the induction hypothesis, there exists a unicyclic graph G1 of order n−1with
degree sequence (d0−1, d1, . . . , dn−2). Let G be the graph obtained from G1 by adding a new vertex v and a new edge being
incident with the maximum degree vertex of G1 and v. Hence there exists a unicyclic graph Gwith degree sequence pi . 
LetG be a simple graph. An internal path ofG is a path P (or cycle)with vertices v1, . . . , vk (or v1 = vk) such that d(v1) ≥ 3,
d(vk) ≥ 3 and d(v2) = · · · = d(vk−1) = 2.
Lemma 3.3 ([6]). Let G be a simple connected graph and uv be an edge on the internal path of G. If G1 is obtained from G by
subdivision of the edge uv into the edges uw andwv, then µ(G1) < µ(G).
Lemma 3.4 ([7]). Let G be a simple connected graph with vertex u. Let G(k, l) be the graph obtained from G by attaching two
paths uu1u2 · · · uk and uv1 · · · vl respectively at u with k > l+ 1. If µ(G(k, l)) > 3+
√
2, then µ(G(k, l)) < µG(k− 1, l+ 1).
Lemma 3.5. Let pi = (d0, d1, . . . , dn−1) be a positive nonincreasing integer sequence with d1 = 2 and∑n−1i=0 di = 2n. Then U∗pi
is the only unicyclic graph that has the largest signless Laplacian spectral radius in Gpi .
Proof. By Proposition 3.2, there exists a unicyclic graph H with degree sequence pi . If d0 = 2, then H must be a cycle and
the assertion holds. Now assume that d0 ≥ 3. Then µ(H) ≥ 3 +
√
2. Since d1 = 2, H must be the graph obtained from a
cycle Cp of order p and d0 − 2 paths Pi of order pi for i = 1, . . . , d0 − 2 by identifying one vertex of Cp and one end vertex of
each Pi for i = 1, . . . , d0 − 2. Then we have the following:
Claim 1: p = 3. In fact, if p > 3, let H1 be a graph of order n − 1 obtained from H of order n by the contraction of an
edge of Cp in H . By Lemma 3.3, we have µ(H1) > µ(H). Then we construct a graph H2 of order n obtained from H1 of order
n − 1 by adding a new vertex v and adding a new edge incident to v and a pendant vertex of H1. By [10], µ(H2) ≥ µ(H1),
which implies µ(H2) > µ(H). But H2 ∈ Gpi , which contradicts H having the largest signless Laplacian spectral radius in Gpi .
So p = 3.
Claim 2: |pi−pj| ≤ 1 for all 1 ≤ i, j ≤ d0−2. If there exist s, t such that ps−pt ≥ 2, then H can be expressed as G(ps, pt).
Hence by Lemma 3.4, µ(H) = µ(G(ps, pt)) < µ(G(ps − 1, pt + 1)) and G(ps − 1, pt + 1) ∈ Gpi , which is a contradiction.
Therefore, H must be U∗pi . 
Lemma 3.6. Let pi = (d0, d1, . . . , dn−1) be a positive nonincreasing integer sequence with d1 ≥ 3 and∑n−1i=0 di = 2n. Then U∗pi
is the only unicyclic graph that has the largest signless Laplacian spectral radius in Gpi .
Proof. Let f be the Perron vector of Q (G). By Theorem 2.7, there exists a well-ordering V (G) = {v0, v1, . . . , vn−1} of Gwith
root v0 such that
v0 ≺ v1 ≺ · · · ≺ vn−1,
f (v0) ≥ f (v1) ≥ · · · ≥ f (vn−1),
h(v0) ≤ h(v1) ≤ · · · ≤ h(vn−1)
and
d(v0) ≥ d(v1) ≥ · · · ≥ d(vn−1).
Let Vi = {v ∈ V (G), h(v) = i} for i = 0, . . . , h(vn−1) = p. Hence we can relabel the vertices of G in such a way that
Vi = {vi1, . . . , vi,si} with f (vi1) ≥ f (vi2) ≥ · · · ≥ f (vi,si), f (vij) ≥ f (vi+1,k) and d(vij) ≥ d(vi+1,k) for i = 0, . . . , p − 1 and
1 ≤ j ≤ si, 1 ≤ k ≤ si+1. Clearly, s1 = d(v0) = d0. Further, we can show that f (v01) > f (v1,s1). In fact, if f (v01) = f (v1,s1),
then by Q (G)f = µ(G)f , we have
µ(G)f (v01) =
s1∑
i=1
(f (v01)+ f (v1i)) = 2d(v01)f (v01).
Thus µ(G) = 2d(v01) = 2d0. Hence by Theorem 4.6 in [3], Gmust be a regular graph, which contradicts G being a unicyclic
graph with the maximum degree at least 3.
Since G is a unicyclic graph, there exists only one cycle C in G. Let vrq be the smallest height among vertices in V (C), i.e,
h(vrq) = r ≤ h(u) for any u ∈ V (C). Now we consider the following five cases:
Case 1: vrq = v01 and v11v12 ∈ E(G). Then G contains a cycle of v01v11v12 and it is easy to see that Gmust be U∗pi .
Case 2: vrq = v01, v11v12 6∈ E(G) and v1iv1j ∈ E(G) for 1 ≤ i < j ≤ s1. Consider the following two subcases:
Subcase 2.1: v11v1j ∈ E(G) with 2 < j ≤ s1. Without loss of generality, assume that f (v12) > f (v1j). Then d(v12) ≥
d(v1j) ≥ 2. Since G is a unicyclic graph, there exists a vertex v2t ∈ V2 such that v12v2t ∈ E(G) and v1jv2t 6∈ E(G). Let G1 be the
graph obtained from G by adding two edges v11v12 and v1jv2t and deleting two edges v11v1j and v12v2t . Since f (v11) > f (v2t)
and f (v12) > f (v1j), by Lemma 2.3, we haveµ(G1) > µ(G). Moreover,G1 is still simple and connectedwith degree sequence
pi . This contradicts G having the largest signless spectral radius in Gpi .
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Subcase 2.2: v1iv1j ∈ E(G) for 1 < i < j ≤ s1. Without loss of generality, assume that f (v11) > f (v1i). Clearly
d(v11) ≥ d(v1i) ≥ 2. Then there exists a vertex v2t ∈ V2 such that v11v2t ∈ E(G). Since G is a unicyclic graph, we have
v11v1i 6∈ E(G) and v1jv2t 6∈ E(G). Let G2 be the graph obtained from G by adding two edges v11v1i and v1jv2t and deleting
two edges v1iv1j and v11v2t . Since f (v11) > f (v1j) and f (v1i) ≥ f (v2t), by Lemma 2.3, we have µ(G2) > µ(G). Moreover, G2
is still simple and connected with degree sequence pi . This contradicts G having the largest signless spectral radius in Gpi .
Therefore, Case 2 is impossible.
Case 3: vrq = v01 and v1iv1j 6∈ E(G) for all i, j = 1, . . . , s1 and i 6= j. Then there exist two vertices v1i ∈ V1 and v2j ∈ V2
such that v1i, v2j ∈ V (C) and v1iv2j ∈ E(C) and i ≥ 2. On the other hand, since d(v11) = d1 ≥ 3, there exists a vertex
v2t ∈ V2 such that v2t 6∈ V (C), v11v2t ∈ E(G) and f (v2t) ≤ f (u) for any uv11 ∈ E(G) and u 6∈ V (C). Since G is unicyclic,
we have v1iv2t 6∈ E(G) and v2tv2j 6∈ E(G). Let G3 be the graph obtained from G by adding two edges v11v1i and v2tv2j and
deleting two edges v11v2t and v1iv2j. Clearly, f (v11) ≥ f (v2j) and f (v1i) ≥ f (v2t). Further, we have the following:
Claim: f (v11) > f (v2j) or f (v1i) > f (v2t).
Suppose that f (v11) = f (v2j) and f (v1i) = f (v2t). Then f (v11) = f (v1i) = f (v2j) = f (v2t). Further, it is easy to show that
for any uv11 ∈ E(G), u 6= v01, f (u) = f (v11) and f (v11) = · · · = f (v1s1). By Q (G)f = µ(G)f , we have
µ(G)f (v2t) = d(v2t)f (v2t)+
∑
uv2t∈E(G)
f (u) ≤ d(v2t)f (v11)+
∑
uv2t∈E(G)
f (v11) = 2d(v2t)f (v11).
Hence µ(G) ≤ 2d(v2t) ≤ 2d(v11) = 2d1. On the other hand, by Q (G)f = µ(G)f , we have
µ(G)f (v01) = d(v01)f (v01)+
∑
uv01∈E(G)
f (u) = d(v01)(f (v01)+ f (v11)),
which implies (µ(G)− d(v01))f (v01) = d(v01)f (v11); additionally,
µ(G)f (v11) = d(v11)f (v11)+
∑
uv11∈E(G)
f (u) = (2d(v11)− 1)f (v11)+ f (v01),
which implies (µ(G)− 2d(v11)+ 1)f (v11) = f (v01). Hence
(µ(G)− d(v01))(µ(G)− 2d(v11)+ 1) = d(v01).
So
(µ(G)− 2d(v11))
(
µ(G)− d(v01)(d(v11)− 1)
d(v11)
)
+ d(v11)− d(v01)
d(v11)
µ(G) = 0.
Noticing that
µ(G)− 2d(v11) ≤ 0, µ(G)− d(v01)(d(v11)− 1)d(v11) ≥ 0,
d(v11)− d(v01)
d(v11)
µ(G) ≤ 0,
we have µ(G)− 2d(v11) = 0 and d(v11)− d(v01) = 0. Then µ(G) = 2d(v01), which is impossible. Therefore, Claim holds.
Now by Lemma 2.3, we have µ(G3) > µ(G). Moreover, G3 ∈ Gpi . This contradicts G having the largest signless spectral
radius in Gpi . So Case 3 is impossible.
Case 4: vrq = v11. Then there exists a vertex v2i ∈ V (C)⋂ V2 with v11v2i ∈ E(G). Since G is unicyclic and d(v12) ≥
d(v2i) ≥ 2, there exists a vertex v2j 6∈ V (C) such that v2j ∈ V2 and v12v2j ∈ E(G). Clearly, v2iv2j 6∈ E(G). Let G4 be the graph
obtained from G by adding two edges v11v12 and v2iv2j and deleting two edges v11v2i and v12v2j. By the same argument as for
the Claim, it can be proved that f (v11) > f (v2j) or f (v12) > f (v2i). Hence by Lemma 2.3, we have µ(G4) > µ(G). Moreover,
G4 ∈ Gpi . This contradicts G having the largest signless spectral radius in Gpi . So Case 4 is impossible.
Case 5: vrq 6= v01, v11. Further, it is easy to show that h(vrq) < h(u) for u ∈ V (C) \ {hrq} (otherwise, there exist two
vertices vrq and vrl in V (C)with h(vrq) = h(vrl) = r such that there are two disjoint paths P1 and P2 on the cycle C from vrq
to vrl. On the other hand, there exist two paths P3 and P4 from v01 to vrq and vrl, respectively. Then the union of the four paths
P1, . . . , P4 contains two cycles). Then there exists a vertex vr+1,t ∈ V (C) such that h(vr+1,t) = r + 1 and vrqvr+1,t ∈ E(G).
Since d(vr+1,t) ≥ 2, there must exist two vertices vri, vr+1,j 6∈ V (C) with h(vri) = r , h(vr+1,j) = r + 1 and i > 1 such that
vrivr+1,j ∈ E(G). Clearly, vrqvri 6∈ E(G) and vr+1,tvr+1,j 6∈ E(G). Let G5 be the graph obtained from G by adding two edges
vrqvri and vr+1,tvr+1,j and deleting two edges vrqvr+1,t and vrivr+1,j. By f (vrq) ≥ f (vr+1,j), f (vri) ≥ f (vr+1,t) and Lemma 2.3,
µ(G5) ≥ µ(G). Moreover, G5 ∈ Gpi and the smallest height of vertices of the cycle in G5 is less than r . Further, by repeating
the use of Case 5 or Cases 2, 3 and 4, it is easy to see that µ(G5) < µ(U∗pi ). This contradicts G having the largest signless
spectral radius in Gpi . So Case 5 is impossible. 
The main result of this section is the following:
Theorem 3.7. Let pi = (d0, d1, . . . , dn−1) be a positive nonincreasing integer sequence with∑n−1i=0 di = 2n. Then U∗pi is the only
unicyclic graph having the largest signless Laplacian spectral radius in Gpi .
Proof. This follows from Lemmas 3.5 and 3.6. 
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Now recall the notion of majorization. Let pi = (d0, . . . , dn−1) and pi ′ = (d′0, . . . , d′n−1) be two nonincreasing sequences.
If
∑k
i=0 di ≤
∑k
i=0 d
′
i for k = 0, . . . , n− 2 and
∑n−1
i=0 di =
∑n−1
i=0 d
′
i , then the sequence pi
′ is said tomajorize the sequence pi ,
which is denoted by pi C pi ′. It is known that the following result holds (see [13]).
Proposition 3.8 ([13]). Let pi = (d0, . . . dn−1) and pi ′ = (d′0, . . . , d′n−1) be two nonincreasing graphic degree sequences. If
pi C pi ′, then there exists a series of graphic degree sequences pi1, . . . , pik such that pi C pi1 C · · · C pik C pi ′, and only two
components of pii and pii+1 are different from 1.
Theorem 3.9. Let pi and pi ′ be two different degree sequences of unicyclic graphs with the same order. If pi C pi ′, then
µ(U∗pi ) < µ(U∗pi ′).
Proof. By Proposition 3.8, without loss of generality, assume that pi = (d0, . . . , dn−1) and pi ′ = (d′0, . . . , d′n−1)with di = d′i
for i 6= p, q, and dp = d′p − 1, dq = d′q + 1, 0 ≤ p < q ≤ n − 1. By Corollary 2.8, the BFS-ordering of U∗pi is consistent
with the Perron vector f of U∗pi in such a way that f (u) > f (v) implies u ≺ v. Hence we can relabel the vertices of U∗pi as
V (G) = {v0, . . . , vn−1} such that d(vi) = di for i = 0, . . . , n− 1 and f (v0) ≥ f (v1) ≥ · · · ≥ f (vn−1). If q = 1 or q = 2, then
dq = d′q + 1 ≥ 3. If q ≥ 3, then dq = d′q + 1 ≥ 2. Hence there exists a vertex vk with k > q such that vkvq ∈ E(U∗pi ) and
vkvp 6∈ E(U∗pi ). Let U1 be a unicyclic graph obtained from U∗pi by adding the edge vkvp and deleting vkvq. Then by Lemma 2.2,
we have µ(U∗pi ) < µ(U1). Moreover, the degree sequence of U1 is pi ′. Hence by Theorem 3.7, µ(U1) ≤ µ(U∗pi ′). So the
assertion holds. 
4. The largest signless Laplacian spectral radius of unicyclic graphs with given graph invariants
Let G be a simple graph. A matching in a graph G is a set of pairwise nonadjacent edges. The matching number of G is
the maximum size of a matching set of G. An independent set in a graph G is a set of pairwise nonadjacent vertices. The
independence number of G is the maximum size of an independent set in G.
In this section, we use the main results of Sections 2 and 3 to find the extremal graphs that have the largest signless
Laplacian spectral radius among unicyclic graphs with a specified number of leaves or maximum degree or independence
number or matching number. Denote by U(1)n,s the set of all unicyclic graphs of order n with s leaves; U
(2)
n,∆ the set of all
unicyclic graphs of order nwith themaximumdegree∆;U(3)n,α the set of all unicyclic graphs of order nwith the independence
number α andU(4)n,β the set of all unicyclic graphs of order nwith the matching number β , respectively.
Theorem 4.1. Let G be any unicyclic graph of order n with s ≥ 1 leaves; G ∈ U(1)n,s . Then µ(G) ≤ µ(U∗pi1) with equality if and
only if G is U∗pi1 with pi1 = (s+ 2, 2, . . . , 2, 1, . . . , 1), where the frequency of 2 in pi1 is n− s− 1 and the frequency of 1 is s (in
other words, let n − 3 = sq + t, 0 ≤ t < s and suppose that U∗pi1 is obtained from a triangle, t paths of order q + 2, and s − t
paths of order q+ 1 by identifying one vertex of the triangle and one end of each path of the s paths).
Proof. Let G be any unicyclic graph inU(1)n,s with the nonincreasing degree sequence pi = (d0, . . . , dn−1). Thus dn−s−1 > 1
and dn−s = · · · = dn−1 = 1. Let U∗pi1 be the only unicyclic graph with pi1 = (s+ 2, 2, . . . , 2, 1, . . . , 1), where the frequency
of 2 in pi1 is n− s− 1 and the frequency of 1 is s. It is easy to see that pi C pi1. By Theorems 3.7 and 3.9, we have
µ(G) ≤ µ(U∗pi ) ≤ µ(U∗pi1)
with equality if and only if G is U∗pi1 . Hence the assertion holds. 
Theorem 4.2. Let G be any unicyclic graph of order n with the maximum degree ∆ ≥ 3; G ∈ U(2)n,∆. Then µ(G) ≤ µ(U∗pi2)
with equality if and only if G is U∗pi2 , where pi2 is defined as follows: If ∆ ≥ b n+12 c, then pi2 = (∆, n + 1 − ∆, 2, 1, . . . , 1).
If ∆ < b n+12 c, then denote p = dlog(∆−1) n∆+1e − 1 and n − (∆ + 1)(∆ − 1)p−1 = (∆ − 1)r + q for 0 ≤ q < ∆ − 1.
If q = 0, put pi2 = (∆, . . . ,∆, 1, . . . , 1), where the frequency of ∆ in pi2 is (∆ + 1)(∆ − 1)p−2 + r. If q ≥ 1, put
pi2 = (∆, . . . ,∆, q, 1, . . . , 1), where the frequency of ∆ in pi2 is (∆+ 1)(∆− 1)p−2 + r.
Proof. Let pi = (d0, . . . , dn−1) be the nonincreasing degree sequence of G. By Theorem 3.7, µ(G) ≤ µ(U∗pi )with equality if
and only if G is U∗pi .
If ∆ ≥ b n+12 c, then pi C pi2 = (∆, n + 1 − ∆, 2, 1, . . . , 1) and pi2 is unicyclic graphic. Hence by Theorem 3.9,
µ(U∗pi ) ≤ µ(U∗pi2)with equality if and only if pi = pi2. So µ(G) ≤ µ(U∗pi2)with equality if and only if G is U∗pi2 .
If∆ < b n+12 c, then for q = 0, the sum of all components in pi2 is equal to
∆((∆+ 1)(∆− 1)p−2 + r)+ 1× (n− (∆+ 1)(∆− 1)p−2 − r) = 2n
by n−(∆+1)(∆−1)p−1 = (∆−1)r . Hence by Proposition 3.2,pi2 is unicyclic graphic. By a similar argument, for q ≥ 1,pi2 is
unicyclic graphic. Further, U∗pi2 can be constructed as follows. Assume that U
∗
pi2
has p+2 layers with p ≥ 1 (to be determined
later). Then there is one vertex in the layer 0 (i.e., the root); there are∆ vertices in layer 1; there are∆(∆− 1)− 2 vertices
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Fig. 2. U∗pi and U∗τ .
in layer 2; there are (∆(∆− 1)− 2)(∆− 1) vertices in layer 3; . . .; there are (∆(∆− 1)− 2)(∆− 1)p−2 vertices in layer
p; there are at most (∆(∆− 1)− 2)(∆− 1)p−1 vertices in layer p+ 1. Hence
1+∆+ (∆(∆− 1)− 2){1+ (∆− 1)+ · · · + (∆− 1)p−2} < n
and
n ≤ 1+∆+ (∆(∆− 1)− 2){1+ (∆− 1)+ · · · + (∆− 1)p−1}.
Thus
(∆+ 1)(∆− 1)p−1 < n ≤ (∆+ 1)(∆− 1)p.
Hence let
p =
⌈
log(∆−1)
n
∆+ 1
⌉
and there exist integers r and 0 ≤ q < ∆− 1 such that
n− (∆+ 1)(∆− 1)p−1 = (∆− 1)r + q.
Therefore, the degrees of all vertices from layer 0 to layer p− 1 are∆ and there are r vertices in layer pwith degree∆. Let
m = (∆+ 1)(∆− 1)p−2 + r . Then there arem vertices with degree∆ in U∗pi2 . Hence the degree sequence of U∗pi2 ∈ Un,∆ is
pi2 = (d(2)0 , . . . , d(2)n−1) with d(2)0 = · · · = d(2)m−1 = ∆, d(2)m = · · · = d(2)n−1 = 1 for q = 0; and is pi2 = (d(2)0 , . . . , d(2)n−1) with
d(2)0 = · · · = d(2)m−1 = ∆, d(2)m = q, d(2)m+1 = · · · = d(2)n−1 = 1 for q > 0. It follows from d0 ≤ ∆ that
∑k
i=0 di ≤
∑k
i=0 d
(2)
i for
k = 0, . . . ,m− 1. Further, by d(2)i = 1 ≤ di for k = m+ 1, . . . , n− 1, we have
k∑
i=0
di = 2n−
n−1∑
i=k+1
di ≤ 2n−
n−1∑
i=k+1
d(2)i =
k∑
i=0
d(2)i
for k = m, . . . , n− 1. Thus pi C pi2. Hence by Theorem 3.9, µ(U∗pi ) ≤ µ(U∗pi2)with equality if and only if pi = pi2. Therefore
µ(G) ≤ µ(U∗pi2)with equality if and only if G is U∗pi2 . 
Lemma 4.3. Let G be a unicyclic graph of order n with the independence number α(G). Then α(G) ≥ d n−12 e.
Proof. If G is bipartite, then α(G) ≥ d n2e. If G is not bipartite, there exists a vertex v such that G− v is bipartite, since G has
only one odd cycle. Hence α(G) ≥ α(G− v) ≥ d n−12 e. 
Lemma 4.4. Let pi = (γ , 3, 3, 2, . . . , 2, 1, . . . , 1), where the frequencies of 2 and 1 in pi are n − γ − 3 and γ , respectively.
Let τ = (γ + 1, 2, . . . , 2, 1, . . . , 1), where the frequency of 2 in τ is n − γ and the frequency of 1 is γ − 1. If n ≥ 6 and
d n−12 e ≤ γ ≤ n− 3, then µ(U∗pi ) < µ(U∗τ ).
Proof. It is easy to see that U∗pi and U∗τ are as in Fig. 2:
Clearly, T ∗τ can be regarded as the graph obtained from U∗pi by deleting the two edges v11v21 and v12v22 and adding two
edges v01v21 and v21v22. If 6 ≤ n ≤ 9, then by a simple calculation, it is easy to see that the assertion holds. Let n ≥ 10 and
f be the Perron vector of Q (U∗pi ). By Q (U∗pi )f = µ(U∗pi )f , we have
µ(U∗pi )f (v21) = f (v21)+ f (v11)
and
µ(U∗pi )f (v11) = 3f (v11)+ f (v01)+ f (v12)+ f (v21).
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Moreover, it is easy to see that f (v11) = f (v12) and f (v21) = f (v22). Hence
f (v21) = 1
µ(U∗pi )− 1
f (v11), f (v01) =
(
µ(U∗pi )− 4−
1
µ(U∗pi )− 1
)
f (v11).
Since n ≥ 10 and γ ≥ 5, we have µ(Q (U∗pi )) ≥ γ + 1 ≥ 6. Hence
f (v21) ≤ 15 f (v11), f (v01) ≥
9
5
f (v11).
On the other hand, by f (v11) = f (v12) and f (v21) = f (v22), we have
f TQ (U∗τ )f − f TQ (U∗pi )f = f (v01)2 + 2f (v01)f (v21)+ 3f (v21)2 − 2f (v11)2 − 4f (v11)f (v21)
> f (v01)2 − 2f (v11)2 − 4f (v11)f (v21)
≥
(
9
5
)2
f (v11)2 − 2f (v11)2 − 45 f (v11)
2
= 11
25
f (v11)2 > 0.
By the Courant–Fischer theorem,
µ(U∗τ ) ≥ f TQ (U∗τ )f > f TQ (U∗pi ′)f = µ(U∗pi ).
So the assertion holds. 
Theorem 4.5. Let G be any unicyclic graph of order n ≥ 3 with the independence number α; G ∈ U(3)n,α . Then µ(G) ≤ µ(U∗pi3)
with equality if and only if G is U∗pi3 with pi3 = (α + 1, 2, . . . , 2, 1, . . . , 1), where the frequency of 2 in pi3 is n − α and the
frequency of 1 is α − 1.
Proof. Since the sum of all the components in pi3 is equal to 2n, pi3 is unicyclic graphic. Hence U∗pi3 exists. Moreover the
independence number of U∗pi3 is α and U
∗
pi3
belongs toU(3)n,α . If n ≤ 5, then it is easy to see that the assertion holds. Assume
that n ≥ 6 and α ≥ d n−12 e ≥ 3 by Lemma 4.3. For any unicyclic graph G of order nwith the independence number α, let I be
an independent set of G with the independence number α and pi = (d0, . . . , dn−1) be the nonincreasing degree sequence
of G. By Theorem 3.7, µ(G) ≤ µ(U∗pi ) with equality if and only if G is U∗pi . If there exists a pendant vertex u of degree 1 with
u 6∈ I , then there exists a vertex v ∈ I with uv ∈ E(G). Hence I⋃{u} \ {v} is an independent set of G with the size α as
well. Therefore, there exists an independent set of Gwith the size α that contains all the pendant vertices of G. Let G have p
pendant vertices. Then p ≤ α. So we consider the following three cases:
Case 1: p < α − 1. Then pi = (d0, . . . , dn−1) = (d0, . . . , dn−p−1, 1, . . . , 1), where the frequency of 1 in pi is p and
dn−p−1 ≥ 2. Hence pi C pi3 and pi 6= pi3. By Theorem 3.9, µ(U∗pi ) < µ(U∗pi3), which implies µ(G) < µ(U∗pi3).
Case 2: p = α − 1. Then it is easy to see that pi = (d0, . . . , dn−1) C pi3. By Theorem 3.9, µ(U∗pi ) ≤ µ(U∗pi3) with equality
if and only if pi = pi3. Hence µ(G) ≤ µ(U∗pi3)with equality if and only if G is U∗pi3 .
Case 3: p = α. Let V2 = {vn−p, . . . , vn−1} be the set of all pendant vertices and V1 = {v0, . . . , vn−p−1}. Clearly, V2 is an
independent set. Since the independence number ofG isα, for any vi ∈ V1, there exists a vertex vj ∈ V2 such that vivj ∈ E(G).
Otherwise V2∪{vi} is an independent set with the size α+1, which is impossible. Since G is a unicyclic graph, G[V1] contains
a cycle. Hence G has at least three vertices whose degrees are at least 3. Therefore, by α = p ≤ n− 3,
pi = (d0, . . . , dn−1) C pi ′ C pi3,
where pi ′ = (α, 3, 3, 2, . . . , 2, 1, . . . , 1) and the frequencies of 2 and 1 in pi ′ are n− α− 3α, respectively. By Theorems 3.7
and 3.9 and Lemma 4.4,
µ(G) ≤ µ(U∗pi ) ≤ µ(U∗pi ′) < µ(U∗pi3),
which contradicts G having the largest signless Laplacian spectral radius inU(3)n,α . Hence the assertion holds. 
Lemma 4.6. Let U∗τ be the only unicyclic graph of order n with degree sequence τ = (γ + 1, 2, . . . , 2, 1, . . . , 1), where the
frequency of 2 in τ is n− γ and the frequency of 1 is γ − 1. If d n−12 e ≤ γ ≤ n− 2, then the spectral radiusµ(U∗τ ) is the largest
root of the following equation:
λ5 − (γ + 8)λ4 + (6γ + 22)λ3 − (n+ 9γ + 25)λ2 + (3n+ 12)λ− 4 = 0.
Moreover,
µ(U∗τ ) < γ + 2+
n+ 5− γ
γ 2 − 2γ + 2 .
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Proof. The characteristic polynomial of Q (Uτ ) is equal to det(λI − Q (Uτ )),which is equal to
(λ− 1)2γ−n+1(λ2 − 3λ+ 1)n−γ−3f (λ),
where f (λ) = λ5 − (γ + 8)λ4 + (6γ + 22)λ3 − (n+ 9γ + 25)λ2 + (3n+ 12)λ− 4. It is easy to see that f (λ) > 0 for all
λ ≥ γ + 2+ n+5−γ
γ 2−2γ+2 . Hence we obtain the desired result. 
Corollary 4.7. Let G be any unicyclic graph of order n with the independence number α. Then
µ(G) < α + 2+ n+ 5− α
α2 − 2α + 2 .
Proof. This follows from Theorem 4.5 and Lemma 4.6. 
Theorem 4.8. Let G be any unicyclic graph of order n ≥ 4 with the matching number β; G ∈ U(4)n,β . Then µ(G) ≤ µ(U∗pi4) with
equality if and only if G is U∗pi4 with pi4 = (n−β+ 1, 2, . . . , 2, 1, . . . , 1), where the frequency of 2 in pi4 is β and the frequency
of 1 is n− β − 1.
Proof. Clearly, U∗pi4 is of order n with the matching number β , and belongs to U
(4)
n,β . If n = 4 or n = 5, then by a simple
calculation, it is easy to see that the assertion holds. Without loss of generality, we assume that n ≥ 6 and 2 ≤ β ≤ b n2c. For
any unicyclic graph G of order nwith thematching number β , let pi = (d0, . . . , dn−1) be the nonincreasing degree sequence
of G. LetM be a matching of G with the matching number β . Since G is connected, there are at least β vertices with degree
at least two. Consider the following two cases:
Case 1: G has exactly β vertices with degree at least 2. Let V1 be the set of all vertices with degree at least 2 and
V2 = V (G) \ V1. Then the degree of each vertex in V2 is 1. Moreover one end vertex of each matching edge has degree
at least 2 and the other end vertex of it has degree 1. Hence each vertex in V1 is adjacent to at least one vertex in V2.
Since G is a unicyclic graph, G[V1] contains a cycle. Hence G has three vertices with degree at least 3. Hence pi C pi ′ =
(n − β, 3, 3, 2, . . . , 2, 1, . . . , 1), where the frequency of 2 in pi ′ is β − 3 and the frequency of 1 is n − β . By Theorem 3.9
and Lemma 4.4 with n− β ≥ d n−12 e,
µ(G) ≤ µ(U∗pi ′) < µ(U∗pi4),
which contradicts G having the largest signless Laplacian spectral radius inU(4)n,β .
Case 2: G has at least β + 1 vertices with degree at least 2. Then G has at most n− β − 1 vertices with degree 1. Hence
pi C pi4. By Theorems 3.7 and 3.9, µ(G) ≤ µ(U∗pi ) ≤ µ(U∗pi4)with equality if and only if G is U∗pi4 . 
Corollary 4.9. Let G be any unicyclic graph of order n with the matching number β . Then
µ(G) < n− β + 2+ β + 5
(n− β)2 − 2(n− β)+ 2 .
Proof. This follows from Theorem 4.8 and Lemma 4.6 with γ = n− β . 
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